We revise the theory of neutrino oscillations in a gravitational field, starting from the WKB approximation of the Dirac equation in a curved spacetime. We discuss the expression for the phase shift in neutrino flavor oscillations in the geometry around a rotating, charged black hole (Kerr-Newman metric) and for cosmological neutrinos (Friedmann-Robertson-Walker metric).
I. INTRODUCTION
The idea that the flavor of a neutrino can change when traveling a macroscopic distance is quite old [1] [2] [3] , and it is among the best examples showing us that we are in need of physics beyond the current Standard Model [4] [5], which does not embed neutrino masses. Despite this fact, a firm treatment for the probability of conversion between two neutrino flavors has now been set up, both in the vacuum [6] [7] [8] [9] [10] [11] [12] [13] and in matter [14] [15] .
Neutrino oscillations in the presence of a gravitational field were pioneered by Stodolsky [16] , and were later discussed in the framework of the Dirac equation by Cardall and Fuller [17] , Wudka [18] , and Lambiase et al. [19] . The interaction of neutrinos with the gravitational field finds various applications both in cosmology and astrophysics. The theory has been applied to the case of the Schwarzschild metric in Refs. [20] [26] , the Kerr metric in Ref. [18] , and the Hartle-Thorne metric in Ref. [27] .
In this paper we revise the theory of neutrino oscillations in a generic curved space-time, and we give the expression for the phase shift in neutrino flavor oscillations in the Kerr-Newman and Friedmann-Robertson-Walker (FRW) metrics. To the best of our knowledge, the oscillation of neutrinos in these metrics has not been explored before. After discussing the Dirac equation for a fermion propagating in a generic pseudo-Riemann manifold M in Sec. II, we apply this formalism to neutrino oscillations in Sec. III. We derive the expression for the probability of neutrino oscillations in the Kerr-Newman metric in Sec. IV A, and in the FRW metric in Sec. IV B.
II. APPROXIMATION OF THE DIRAC EQUATION IN CURVED SPACE-TIME

A. Dirac equation in curved space-time
Before discussing the properties of neutrinos in the presence of gravity, we briefly review the basic tools for the Dirac equation on curved space-time. On a flat, Minkowski background, the Dirac equation for a spinor field ψ(x) of mass m reads
Here, a Latin index a ∈ {0, 1, 2, 3} labels the coordinates in the Minkowski space-time, while the Dirac matrices γ a satisfy the Clifford algebra
where curly brackets indicate the anti-commutation operation. In the following, the convention for the flat metric is η ab = diag(1, −1, −1, −1).
According to general relativity, gravitational effects are included by expressing the Dirac Eq. (1) on a suitable manifold. We consider a four-dimensional, torsion-free pseudo-Riemann manifold M equipped with a metric tensor g µν , where Greek indices are used to refer to coordinates on M.
Indices for quantities on M are lowered with g µν and raised with the inverse of the metric tensor g µν , which is defined by
The metric tensor defines the torsion-free Levi-Civita connection on M as
which appears in the parallel transport of vector quantities. For spinors, we define the spinor connection on M as
where squared brackets indicate the commutation operation. We defined the gravity spin connection,
in terms of the tetrad e 
Finally, we define the covariant derivative for a spinor field as
Given the Dirac equation on the flat space-time, the recipe for expressing the equation on the manifold M consists in replacing all derivative operators with the covariant derivative,
so that Eq. (1) with this prescription reads
Defining the Dirac matrices on the manifold γ µ ≡ e µ a γ a and satisfying the algebra
we obtain the Dirac equation for the massive spinor field on M,
The action associated to the Dirac Eq. (12) is
where g = g µν g µν , and we introduced the Lagrangian
B. WKB approximation
An approximate solution to the Dirac Eq. (12) is obtained with the Wentzel-Kramers-Brillouin (WKB) approximation [16] ψ
in which the complex spinor ψ(x) is decomposed into a real amplitude χ(x) and a semi-classical phase S(x). Substituting Eq. (15) into Eq. (12), we obtain
where, since S(x) is a scalar function, the covariant derivative in the second line has been replaced with the ordinary derivative. Multiplying the second line of Eq. (16) on the right by γ ν ∂ ν S(x)−m,
we obtain the Hamilton-Jacobi (HJ) equation
Eq. (17) expresses the mass-shell condition for a massive particle in a curved space-time, and allows us to identify the phase S(x) with the classical action for a particle of mass m moving on M, provided that the four-momentum of the particle is [16] 
and where the proper time τ is given by
Eq. (17) is equivalent to the mass-shell condition if we identify
which is the Hamilton-Jacobi relation. A solution to Eq. (17) is then [16] S
with the Lagrangian describing the geodetic being
In fact, the Euler-Lagrange equation applied to the Lagrangian in Eq. (22) gives the geodetic
III. NEUTRINOS
A. Probability of oscillation
We now apply the framework of Sec.II to the theory of neutrino oscillations. We consider a neutrino mass eigenstate ν i (x) (i = 1, 2, 3) of mass m i propagating from the point x A , where the source is placed, to the receiver at x B . The action for this particle is given by Eq. (21),
Neutrinos produced at the source can be described by a flavor state ν α (x) (α = e, µ, τ ) that is a linear combination of the mass eigenstates ν i (x) as
The mixing matrix U , also known as the Maki-Nakagawa-Sakata-Pontecorvo (MNSP) matrix [2] , is the leptonic analogous of the Cabibbo-Kobayashi-Maskawa matrix that governs quarks mixing.
For three generations of neutrinos, the MNSP matrix is parametrized by three mixing angles θ i , a phase δ describing CP-violation and two additional phases α 1 and α 2 that may differ from zero only if neutrinos are Majorana particles, while α 1 = α 2 = 0 if neutrinos are Dirac particles.
The amplitude for the process in which a neutrino of flavor α at position x A is detected as a neutrino of flavor β at position x B is given by
where the energy E and momentum p are related by E 2 − p · p = m 2 i . Thanks to the equality (26) can be restated as
where τ is the proper time that it takes for ν i to undertake the path from x A to x B .
Since the action S(m i , x B − x A ) in Eq. (24) is a scalar, it is invariant in all frames. In fact, on a generic manifold M, we have
The expression for the probability amplitude of neutrino oscillations on M is then
Indicating the phase difference between two mass eigenstates with
the probability of conversion from flavor α to β is
Eq. (30) can be specialized to the case of relativistic neutrinos, which is the case for various realistic situations. After all, the most stringent upper bound on the sum of the masses of the three known neutrinos species comes from cosmological consideration as i m i < 0.28eV [29] , while neutrinos often take part in processes involving energies ranging from the keV to hundreds of GeVs.
Motivated by these considerations, we expand the neutrino action in powers of m 2 i as
where
For a similar treatment, see also Ref. [18] . The phase difference in Eq. (30) reads 
In the case of two effective neutrino generations, there is only one splitting in mass ∆m 2 = m 2 1 −m 2 2 (we assume m 1 > m 2 ), and ∆m 4 = m 4 1 − m 4 2 . We thus suppress the lower indices in Φ = Φ 12 . The probability of conversion is
With the series expansion given in Eq. (34), Eq. (37) reads
This is the general expression for the probability of flavor conversion of one neutrino propagating from the source to the receiver. In the next section, we apply the procedure described to obtain the phase difference in some well-known metric spaces.
IV. APPLICATIONS A. Kerr-Newman metric
Space-time around a charged, rotating body of mass M , angular momentum J, and charge Q, is described by the Kerr-Newman metric,
where, in Planck units, we defined the lengths r s = 2M , a = J/M , and r Q = Q 2 . We also introduced Λ = r s r − r 2 Q , ∆ = r 2 + a 2 − Λ, and ρ 2 = r 2 + a 2 cos 2 θ. The inverse metric tensor is
Being stationary and axisymmetric, the Kerr metric admits two Killing vector fields ∂ t and ∂ φ , thus, both the energy E and the azymuthal angular momentum L of a particle are conserved. For this reason, the action can be separated as
and the HJ Eq. (17) for massive neutrinos reads
Since the HJ equation can be written as a sum of a function of r only and of θ only, as
both sides of the equation can be set equal to the same constant K,
and
The motion on a plane with fixed θ = θ 0 is possible by choosing the angle given by
in which case, the action reads
According to Eq. (33), expanding the action to its second order in m 2 gives
When Q → 0, the Kerr-Newman metric reduces to the Kerr metric describing a rotating, chargeless black hole. In this case, the expression for S (1) in Eq. (48) reduces to that in Eq. (14) in Ref. [18] , where the expression for neutrino oscillations in a Kerr metric is obtained to its first order in ∆m 2 .
For the case of radial propagation L = K = 0, we find
The first order term for the phase difference Φ for radial propagation does not contain a r Q term, so it is the same as that obtained for a charge-less black hole. When a r B − r A , the phase difference reduces to the usual term S (1) (r B − r A )/2E obtained in the flat geometry, while in the opposite limit we find an additional factor of two, with
For a → 0 and r Q → 0, the Kerr-Newman metric in Eq. (39) reduces to the Schwarzschild metric, and we recover the result for the phase shift
which has been previously obtained in Ref. [26] .
B. Friedmann-Robertson-Walker metric
We consider the line element for a flat, conformal FRW metric
where η is the conformal time. The scale factor a = a(η) describes the expansion of the Universe through the Friedmann equation, see Eq. (59) below, and it is normalized so that at present time it is a(0) = 1. Azymuthal angular momentum L is a conserved quantity in the FRW metric, while the energy is not since ∂ η is not a Killing vector of the FRW metric. We look for the additional invariants in the metric by writing the neutrino action as
and the HJ Eq. (17) is
This differential equation is separable into a set of three equations as
where we introduced two new constants E and K. Fixing the plane in which the motion occurs by setting sin θ = L/K, the action is
Eq. (56), expanded to the second order in m 2 according to Eq. (33), gives
To simplify these integrals, we use the definition for the red-shift z in terms of the conformal factor,
together with the Friedmann equation
where the Hubble rate is
Here, H 0 = H(z = 0) is the present Hubble rate, and we defined the function
which accounts for the content of the Universe and the equations of state for radiation, cold matter, curvature, and dark energy, respectively. With these substitutions, the relative phase in Eq. (34) for two neutrino generations is
where d 1 (z 1 ) is the cosmological distance from the source, at redshift z 1 , to the detector at z = 0,
we also defined the function
For close (z 1 << 1) astrophysical sources of neutrinos, we recover the usual formula For more distant sources the curvature of the Universe affects measurements, as shown in Fig. 1 where we neglect the curvature and radiation terms Ω k = Ω r = 0, and we use Ω m = 0.27 and Fig. 1 , we see that both d 1 (z 1 ) and d 2 (z 1 ) reach a constant value, thus the phase difference results constant for sources with redshift
This behavior is retained even if we restrain from expanding the action in Eq. (56) in Taylor series. In fact, writing the action as
where, setting = E/m, we defined
we obtain that the function d(z 1 ) reaches a constant value when z 1 1, as shown in Fig. 2 for different values of .
To the best of our knowledge, the expression for the phase difference in the oscillation of neutrino mass eigenstates over a FRW metric in Eq. (62) has never been derived before. 
V. CONCLUDING REMARKS
In this paper we have reviewed the mathematics of the Dirac equation in a curved space-time and its application to neutrino oscillations. In particular, we have revised the method of calculating the phase shift in flavor neutrino oscillations by Taylor-expanding the action in orders of m 2 .
In Sec. IV A, we have applied this method by evaluating the correction to the phase difference of neutrino mass eigenstates due to the gravitational field produced by a rotating and charged black hole, described by the Kerr-Newman metric. We have shown that, for the case of radial propagation, the effects of the black hole rotation are present at the first order term in the mass splitting ∆m 2 and dominate the phase difference with respect to the charge, which appear at the second order. For a charge-less and rotation-less black hole, we have recovered the results obtained in the previous literature.
In addition, in Sec. IV B we have applied the Taylor series method to the case of cosmological neutrinos propagating in an expanding, flat Friedmann-Robertson-Walker metric. After discussing the equations for the invariants of motion, we have obtained an expression for the phase difference for neutrino mass eigenstates in a Λ-CDM model. We have shown that, for distant sources z 1 1, the phase difference is independent of distance, thus neutrino oscillations cannot be used to infer the nature of the beam. For close sources z 1 1, we have recovered the usual result that the phase difference is proportional to the distance itself.
ACKNOWLEDGMENTS
The author would like to thank Paolo Gondolo (U. of Utah) for useful discussions on neutrino oscillations.
